Invariant solutions and Noether symmetries in Hybrid Gravity by Borowiec, Andrzej et al.
ar
X
iv
:1
40
7.
43
13
v1
  [
gr
-q
c] 
 16
 Ju
l 2
01
4
Invariant solutions and Noether symmetries in Hybrid Gravity
Andrzej Borowiec,1, ∗ Salvatore Capozziello,2, 3, 4, † Mariafelicia De Laurentis,5, 2, 3, ‡ Francisco S.
N. Lobo,6, § Andronikos Paliathanasis,2,3, ¶ Mariacristina Paolella,2, 3, ∗∗ and Aneta Wojnar1, ††
1Institute for Theoretical Physics, pl. M. Borna 9, 50-204, Wroclaw, Poland.
2Dipartimento di Fisica, Universita` di Napoli “Federico II”, Napoli, Italy.
3Istituto Nazionale di Fisica Nucleare (INFN) Sez. di Napoli,
Compl. Univ. di Monte S. Angelo, Edificio G, Via Cinthia, I-80126, Napoli, Italy.
4Gran Sasso Science Institute (INFN), Via F. Crispi 7, I-67100, L’ Aquila, Italy.
5Tomsk State Pedagogical University, 634061 Tomsk and National Research Tomsk State University, 634050 Tomsk, Russia.
6Centro de Astronomia e Astrof´ısica da Universidade de Lisboa,
Campo Grande, Edif´ıcio C8 1749-016 Lisboa, Portugal.
(Dated: October 19, 2018)
Symmetries play a crucial role in physics and, in particular, the Noether symmetries are a useful
tool both to select models motivated at a fundamental level, and to find exact solutions for specific
Lagrangians. In this work, we consider the application of point symmetries in the recently proposed
metric-Palatini Hybrid Gravity in order to select the f(R) functional form and to find analytical
solutions for the field equations and for the related Wheeler-DeWitt (WDW) equation. We show
that, in order to find out integrable f(R) models, conformal transformations in the Lagrangians
are extremely useful. In this context, we explore two conformal transformations of the forms dτ =
N(a)dt and dτ = N(φ)dt. For the former conformal transformation, we found two cases of f(R)
functions where the field equations admit Noether symmetries. In the second case, the Lagrangian
reduces to a Brans-Dicke-like theory with a general coupling function. For each case, it is possible
to transform the field equations by using normal coordinates to simplify the dynamical system and
to obtain exact solutions. Furthermore, we perform quantization and derive the WDW equation for
the minisuperspace model. The Lie point symmetries for the WDW equation are determined and
used to find invariant solutions.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x
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1. INTRODUCTION
Standard General Relativity (GR) is not enough to de-
scribe phenomena that recently appeared in fundamen-
tal physics, in astrophysics and cosmology such as the
late-time cosmic acceleration [1–3], the dark matter phe-
nomena [4], and several issues related to quantum field
theories in curved spacetime [5]. A pioneering work to
address the late time acceleration is [6], where it is pro-
posed that a fraction of the total energy density appears
in the form of homogeneous ”dark energy” and it is dis-
cussed the dynamics which leads to the time evolution of
such a dark energy.
Furthermore, modifications and extensions of the the-
ory could be necessary in order to explain those puzzles.
One of the attempts is a modification of the Hilbert-
Einstein Lagrangian as a general function of the Ricci
scalar R, the so-called f(R) theories of gravity [5, 7].
In this perspective, the dynamics of gravitation is given
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by field equations which can be considered in two differ-
ent approaches: the metric and Palatini formalism. The
former approach relies on the usual variation of the ac-
tion with respect to the metric tensor whereas the Pala-
tini formalism deals with metric and (torsionless) con-
nection as two independent quantities and the variation
is taken with respect to both. In the case of GR, the two
approaches are equivalent (they provide the same field
equations). However, in f(R) gravity, the metric for-
malism leads to a system of fourth-order partial differen-
tial equations while the Palatini one gives second-order
equations. Note also that both formalisms are dynam-
ically equivalent to different classes of Brans-Dicke-like
theories, which implies that they cannot be equivalent
to each other [8]. Thus, the f(R) theories of gravity in
the metric and in the Palatini formalism yield different
physical predictions.
Both formalisms have been recently combined in a new
approach denoted hybrid metric-Palatini gravity or f(X)
gravity [9, 10]. Here, the action is taken as the standard
Hilbert-Einstein (linear in Ricci scalar R) plus a non-
linear term in the Palatini curvature scalar R. Similarly
as for the metric and Palatini formalism, f(X) gravity
can be transformed into scalar-tensor theory [9–12]. Us-
ing the respective dynamically equivalent scalar-tensor
representation, it was shown that the theory can pass the
Solar System observational constraints even if the scalar
field is very light. This implies the existence of a long-
2range scalar field, which is able to modify the cosmolog-
ical and galactic dynamics, but leaves the Solar System
unaffected. The absence of instabilities in perturbations
was also verified and explicit models, consistent with lo-
cal tests, lead to the late-time cosmic speed-up.
It was also shown that the theory can be formulated
in terms of the quantity X = κ2T + R, where T and R
are the traces of the stress-energy and Ricci tensors, re-
spectively. The variable X represents the deviation with
respect to the field equation trace of GR. The cosmo-
logical applications of this metric-Palatini gravitational
theory were explored, and cosmological solutions, com-
ing from the scalar-tensor representation of f(X)-gravity,
have been derived [10]. Furthermore, criteria to obtain
cosmic acceleration were discussed and the field equations
were analyzed as a dynamical system. Several classes of
dynamical cosmological solutions, depending on the func-
tional form of the effective scalar field potential, describ-
ing both accelerating and decelerating Universes have
been explicitly obtained. Furthermore, the cosmologi-
cal perturbation equations were derived and applied to
uncover the nature of the propagating scalar degree of
freedom and the signatures that these models predict in
the large-scale structure. The Cauchy problem was also
explored and it was shown that the initial value prob-
lem can always be well-formulated and, furthermore, can
be well-posed depending on the adopted matter sources
[13]. Furthermore, the possibility that wormholes are
supported in the metric-Palatini gravitational theory was
also explored and it was shown that the higher-curvature
derivatives sustain these exotic spacetimes [14].
At the intermediate galactic scale, the possibility that
the behavior of the rotational velocities of test particles
gravitating around galaxies could be explained within
the framework of the hybrid metric-Palatini gravitational
theory was also considered [15]. It was shown that the cir-
cular velocity can be explicitly obtained as a function of
the scalar field of the equivalent scalar-tensor description.
The possibility of constraining the form of the scalar field
potential and the parameters of the model by using the
stellar velocity dispersions was also analyzed. All the
physical and geometrical quantities and the numerical
parameters in hybrid metric-Palatini gravity were ex-
pressed in terms of observable/measurable parameters,
such as the circular velocity, the baryonic mass of the
galaxy, the Doppler frequency shifts, and the stellar dis-
persion velocity, respectively. Therefore, the obtained
results open the possibility of testing the Hybrid Grav-
ity at galactic and extra-galactic scales by using direct
astronomical observations.
In this context, the virial theorem was also general-
ized in the scalar-tensor representation of the metric-
Palatini gravity [16]. More specifically, taking into ac-
count the relativistic collisionless Boltzmann equation, it
was shown that the supplementary geometric terms in
the gravitational field equations provide an effective con-
tribution to the gravitational potential energy. It was
shown that the total virial mass is proportional to the
effective mass associated with the new terms generated
by the effective scalar field, and the baryonic mass. This
shows that the geometric origin in the generalized virial
theorem may account for the well-known virial theorem
mass discrepancy in clusters of galaxies. In addition to
this, astrophysical applications of the model were also
considered and shown that the model predicts that the
mass associated to the scalar field and its effects extend
beyond the virial radius of the clusters of galaxies. Ac-
cording to the galaxy cluster velocity dispersion profiles,
the generalized virial theorem can be an efficient tool in
testing observationally the viability of this class of grav-
ity models.
However, the problem of selecting viable models can-
not be posed only at a phenomenological level but should
be considered also at the fundamental level. To this
end, symmetries are extremely useful to fix self-consistent
models. In particular, Noether symmetries, beside select-
ing conserved quantities, are also useful to reduce dynam-
ical systems and find out exact solutions. In cosmology,
the so-called Noether Symmetry Approach revealed ex-
tremely useful to work out physically motivated models
related to conservation laws [17].
The Noether symmetry approach has been applied in
cosmology by many authors in various contexts, such as
in scalar-tensor gravity [18], higher order gravity [19], and
in teleparallel gravity [20]. For instance, new exact solu-
tions for cosmological models with a minimally coupled
scalar field were first found by requiring the existence
of a Noether symmetry for a Lagrangian description on
a two-dimensional “configuration space” [21]. Further-
more, the evolution of two dimensional minisuperspace
cosmological models, at the classical and quantum levels,
was investigated and exact solutions achieved by using
the Noether Symmetry Approach considering, as phase
space variables, the FRW scale factor and the scalar
field [22]. Furthermore, the Noether Symmetry Approach
can be applied to quantum cosmology [17, 23], phantom
quintessence cosmology [24], to spinor and scalar field
models [25]. Finally, the dynamics of homogeneous cos-
mologies with a scalar field source with an arbitrary self-
interaction potential was also explored in [26]. Bianchi
universes and related Noether symmetries have been con-
sidered in [27].
Indeed, the literature on the applications of Noether
symmetries in extensive, and we mention only a few
works relative to the analysis of nonminimally coupled
scalar field cosmologies. For instance, in [28], a sys-
tematic analysis of nonminimally coupled cosmologies in
(n + 1)−dimensional homogeneous and isotropic space-
times was performed. In [29], nonminimally coupled
scalar fields were studied in the Palatini formalism, and
in [18], applying Noether’s symmetries exact solutions
in flat nonminimally coupled cosmological models were
obtained. In Ref. [30], a cosmological model where a
fermion field is nonminimally coupled with the gravi-
tational field was analysed. By applying the Noether
Symmetry Approach, cosmological solutions were found
3showing that a nonminimally coupled fermion field be-
haves as an inflaton describing an accelerated inflation-
ary scenario, whereas the minimally coupled fermion field
describes a decelerated period being identified as dark
matter.
In the higher gravity context, the application of the
Noether theorem is a powerful tool to find solutions of
the field equations and select viable models [31]. In [19] it
was shown that higher-order corrections of the Einstein-
Hilbert action of General Relativity can be recovered
by imposing the existence of a Noether symmetry to a
class of theories of gravity where the Ricci scalar R and
its d’Alembertian R were present. It was also shown
that by using the Noether symmetries in Minisuperspace
Quantum Cosmology, the existence of conserved quanti-
ties provides selection rules to recover classical behaviors
in the cosmic evolution [32]. In [33, 34], it was shown
that the existence of Noether symmetries in minisuper-
space provides the form of the f(R) function and the
cosmic evolution of the scale factor. In [35], consider-
ing a FRW space-time and a perfect fluid described by
a barotropic equation of state, the reparametrization in-
variance of the resulting f(R) Lagrangian was used to
work in the equivalent constant potential description. In
addition to this, the integrals of motion were used to ana-
lytically solve the equations of the corresponding models.
Indeed, the application to modified gravity is extensive,
and in addition to the above work, we refer to the Noether
symmetric f(R) quantum cosmology and its classical cor-
relations [36], to the Lie point and variational symme-
tries in minisuperspace Einstein gravity [37], and to the
Noether Symmetry in f(T ) theory, where T is the trace
of the torsion tensor [38]. Scalar tensor teleparallel dark
gravity has also been explored via the Noether Symmetry
Approach in [39]. The Noether gauge symmetry for f(R)
gravity in the Palatini formalism has been developed in
[40]; Hamiltonian dynamics and Noether symmetries in
extended gravity cosmology has been considered [41].
In this paper, we will consider point symmetries in
order to obtain exact solutions of the field equations
and invariant solutions for the Hybrid Gravity Wheeler-
DeWitt Equation (WDW) in a spatially flat Friedmann-
Robertson-Walker (FRW) spacetime. In fact, the in-
finitesimal generator of a point transformation, which
leaves invariant the field equations, is a Noether sym-
metry. This feature provides integrals of motions capa-
ble of reducing the related dynamical system and then
getting exact solutions. For the determination of the
Noether symmetries of the classical Lagrangian, we will
apply the geometric procedure outlined in [42], where the
Noether symmetries of the Lagrangian are connected to
the collineations of the second order tensor which is de-
fined by the kinematic part of the Lagrangian. Therefore
the Noether symmetry is not only a criterion for the in-
tegrability of the system but also a geometric criterion
since it allows to select the free functions of the theory.
This approach has been applied in [20, 43–47]. Further-
more, in order to solve exactly the WDW equation we
will apply the theory of Lie invariants that allows to de-
termine the Lie point symmetries of the WDW equation.
As shown in [48], the Lie point symmetries for the WDW
equation (or the Klein Gordon equation) are connected
to the conformal Lie algebra of the minisuperspace which
defines the Laplace operator.
The outline of this paper is the following. In Sec. 2, we
introduce the basic definitions of the Hybrid Gravity and
we show that it is possible to write the field equations
in terms of a nonminimally coupled scalar field theory.
In Sec. 3, we apply the Noether Symmetry Approach
to the Hybrid Gravity Lagrangian. The only case that
admits Noether symmetries is the linear f(R) function.
Due to this feature, in Sec. 4, we study the integrability
of the field equations in conformal frames to find out
new solutions. In Sec. 5, we apply the extra Noether
symmetries and solve the field equations. Furthermore,
we determine the WDW equation for each case and apply
the zero order invariants of the Lie point symmetries to
reduce the order of the partial differential equation and
to find invariant solutions. Finally, in section 6, we draw
our conclusions.
2. HYBRID GRAVITY COSMOLOGY
Let us consider the action for the hybrid metric-
Palatini gravity in the following form [9, 10] :
S =
1
2κ2
∫
d4x
√−g[R+ f(R)] + Sm, (1)
where R is the metric curvature scalar and f(R) is a func-
tion of the Palatini curvature scalar which is constructed
through an independent connection Γˆ. The variation of
the above action with respect to the metric yields the
gravitational field equations
Gµν + f
′(R)Rµν − 1
2
f(R)gµν = κ2Tµν , (2)
where Gµν is the Einstein tensor for the metric gµν
(with Lorentzian signature), while Rµν is a Ricci ten-
sor constructed by the conformally related metric hµν =
f ′(R)gµν , where the conformal factor is given by f ′(R) =
df(R)/dR. The trace of Eq. (2) is the hybrid structural
equation, where one can algebraically express the Pala-
tini curvature R in terms of a quantity X assuming that
f(R) has analytic solutions, that is:
f ′(R)R− 2f(R) = κ2T +R ≡ X. (3)
The variableX measures the deviation from the GR trace
equation R = −κ2T , that is GR is fully recovered for
X = 0 [10].
As for the pure metric and Palatini case [5, 8], the
above action can be transformed into a scalar-tensor the-
ory by introducing an auxiliary field E such that
S =
1
2κ2
∫
d4x
√−g[R+ f(E) + f ′(E)(R− E)]. (4)
4The field E is dynamically equivalent to the Palatini
scalar R if f ′′(R) 6= 0. Defining
φ ≡ f ′(E), V (φ) = Ef ′(E)− f(E), (5)
the action becomes
S =
1
2κ2
∫
d4x
√−g[R+ φR− V (φ)]. (6)
Using the relation between R and R, given by
R = R+ 3
2φ2
∂µφ∂
µφ− 3
φ
φ, (7)
(see [10] for details) one finally obtains the standard
scalar-tensor form
S =
1
2κ2
∫
d4x
√−g
[
(1 + φ)R +
3
2φ
∂µφ∂µφ− V (φ)
]
.
(8)
It is worth noticing that Eq. (5) is a Clairaut differen-
tial equation [49], that is,
Ef ′(E)− f(E) = V (f ′ (E)) . (9)
It admits a general linear solution
f (E) = cE − V (c) (10)
for arbitrary V (φ) and a singular solution followed from
the equation
∂V (f ′ (E))
∂f ′
− E = 0. (11)
Let us consider the FRW spatially flat metric
ds2 = −dt2 + a2 (t) (dx2 + dy2 + dz2) . (12)
Therefore, from action (8) one deduces the pointlike La-
grangian
L = 6aa˙2(1 + φ) + 6a2a˙φ˙+ 3
2φ
a3φ˙2 + a3V (φ), (13)
from which the following field equations can be deduced:
a¨+
1− φ
2a
a˙2− 1
2
a˙φ˙− a
3φ
φ˙2− 1
12
a (3V − 2φV,φ) = 0, (14)
and
φ¨+
φ (φ+ 1)
a2
a˙2 +
φ+ 3
a
a˙φ˙+
φ− 2
4φ
φ˙2
+
φ
6
(3V (φ) − 2 (φ+ 1)V,φ) = 0 . (15)
Note that Eq. (15) is the Klein-Gordon equation for the
scalar field φ. The energy condition is given by
6aa˙2(1 + φ) + 6a2a˙φ˙+
3
2φ
a3φ˙2 − a3V (φ) = 0. (16)
Equations (14) and (16) can be written in the form of
modified Friedmann equations for the scale factor a(t),
that is
3H2 = κ2ρeff ,(
2H˙ + 3H2
)
= −κ2peff ,
where H = a˙/a is a Hubble parameter and (ρeff and peff)
are the total effective energy density and pressure given
by
ρeff =
1
κ2
2φV (φ) − 12Hφφ˙− 3φ˙2
6φ(1 + φ)
(17)
peff =
1
κ2
2φ2V,φ − 3φV (φ) − 6φ2H2 − 6Hφφ˙− 4φ˙2
6φ
,
(18)
respectively.
3. THE NOETHER SYMMETRY APPROACH
3.1. General considerations
Let us search for Noether point symmetries in order
to determine the form of the potential V (φ) in Eq. (13).
Besides, the method will allow also to derive the singular
solution for the Clairaut Eq. (9). Furthermore, we will
apply the Noether conservation laws for the reduction
of the dynamical system. Finally, we will search for Lie
point symmetries in the WDW equation in order to find
invariant solutions.
Before proceeding further, we briefly review the basic
definitions concerning Noether symmetries for systems
of second order ordinary differential equations (ODEs)
of the form
x¨α = ωα
(
t, xβ , x˙β
)
. (19)
Let the system of ODEs (19) result from a first order
Lagrangian L = L (t, xβ , x˙β). Then the vector field
X = ξ
(
t, xβ
)
∂t + η
α
(
t, xβ
)
∂α,
in the augmented space {t, xi} is a generator of a Noether
point symmetry for the ODEs system (19), if the addi-
tional condition
X [1]L+ Ldξ
dt
=
dg
dt
, (20)
is satisfied [50], where g = g
(
t, xβ
)
is the gauge function
and X [1] is the first prolongation of X , i.e.,
X [1] = X +
(
dηβ
dt
− x˙β dξ
dt
)
∂x˙β .
5For every Noether point symmetry there exists a first
integral (a Noether integral) of the system of equations
(19) given by the formula:
I = ξEH − ∂L
∂x˙α
ηα + g, (21)
where EH is the Hamiltonian of L.
The vector field X for the Lagrangian (13) is
X = ξ (t, a, φ) ∂t + ηa (t, a, φ) ∂a + ηφ (t, a, φ) ∂φ, (22)
and the first prolongation is given by
X [1] = ξ∂t+ ηa∂a+ ηφ∂φ+
(
η˙a − a˙ξ˙
)
∂a˙+
(
η˙φ − φ˙ξ˙
)
∂φ˙.
(23)
These considerations can be immediately applied to the
Hybrid Gravity.
3.2. Searching for Noether Symmetries in Hybrid
Gravity
Lagrangian (13) is in the standard form L = T − Veff ,
where T = 12gµν x˙
µx˙ν is the kinetic energy with a “ki-
netic” metric
ds2(2) = 12a (1 + φ) da
2 + 12a2dadφ+
3
φ
a3dφ2, (24)
and effective potential
Veff = −a3V (φ) . (25)
Therefore, in order to search for special forms of the po-
tential V (φ), where the Lagrangian admits Noether point
symmetries, we will apply the geometric approach devel-
oped in [42].
Since the Lagrangian is time-independent, it admits
the Noether symmetry ∂t with the Hamiltonian as a con-
servation law, that is
EH = 6a (1 + φ) a˙
2 + 6a2a˙φ˙+
3
2φ
a3φ˙2 − a3V (φ) . (26)
Due to the Einstein equation G00 = 0, which is a con-
straint, we have EH = 0 in vacuum.
Following the results of [42], the Lagrangian (13) ad-
mits an extra Noether symmetry in the case of a constant
potential V (φ) = V0. Specifically, for the constant poten-
tial, the Noether symmetry is given by
X1 =
√
φ
a
∂φ,
and the corresponding Noether integral has the form
I1 = 3
a√
φ
(
2φa˙+ aφ˙
)
.
Under the coordinate transformation
a = u
2
3 , φ = v2u−
4
3 ,
the Lagrangian of the field equations become
L (u, v, u˙, v˙) = 8
3
u˙2 + 6u
2
3 v˙2 + V0u
2.
The field equations are given by
8
3
u˙2 + 6u
2
3 v˙2 − V0u2 = 0, (27)
u¨− 3
4
u−
1
3 v˙2 − 3
8
V0u = 0, (28)
v¨ +
2
3u
u˙v˙ = 0, (29)
respectively. The extra Noether integral in the {u, v}
variables can be written as I¯1 = u
2
3 v˙ (where I¯1/I1 =
const) so one has v˙ = I¯1u
− 2
3 . The general solution of the
above system is∫
du√
3
8V0u
2 − 94 I¯21u−
2
3
=
∫
dt. (30)
Furthermore, for the Hubble function H = a˙/a, we have
H2
H20
=
(
ΩΛ +Ωra
−4
)
, (31)
where
ΩΛ =
1
6
V0
H20
, and Ωr = − I¯
2
1
H20
, (32)
clearly indicate the density parameters for the cosmolog-
ical constant and radiation, respectively. Note that in
order to have a physical solution, it has to be I¯1 ∈ C and
Re
(
I¯1
)
= 0.
The Hubble function (31) corresponds to the model
with a cosmological constant and a radiation fluid. How-
ever ,if we introduce dust in our model, ρD = ρm0a
−3,
Eq. (27) becomes
8
3
u˙2 + 6u
2
3 v˙2 − V0u2 = ρm0.
Therefore, the analytical solution takes the form∫
du√
3
8V0u
2 + 38ρm0 − 94 I¯21u−
2
3
=
∫
dt,
and the Hubble function is
H2
H20
=
(
ΩΛ +Ωma
−3 +Ωra
−4
)
,
where now Ωm =
ρm0
6H20
. Thus, the Hybrid Gravity intro-
duces a further “radiation” term.
Since the linear case is trivial, in the next section,
we will perform a conformal transformation for the La-
grangian (13) in order to apply the results of [43, 44]. We
will consider two separate cases with respect to a lapse
function N : (i) the case where the lapse is a function of
the scale factor, dτ = N (a) dt, and (ii) the case where it
is a function of the scalar field, i.e. dτ = N (φ) dt. For
the latter case we will show that Hybrid Gravity is con-
formally related to a Brans-Dicke-like scalar field theory.
64. CONFORMAL TRANSFORMATIONS
The dynamical system described by the Lagrangian
(13) is conformally invariant, with EH = 0. Hence, we
can apply conformal transformations to the Lagrangian
(13) in order to use the results in [43, 44, 48] and deter-
mine new solutions in conformal frames. However, since
the minisuperspace described by the metric (24) is two-
dimensional, it admits an infinite conformal algebra, so
that in order to simplify the problem we have to provide
some ansantz. As a first one, we will consider conformal
transformation of the form dτ = N (a) dt, so that the
spacetime metric (12) has the form
ds2 = −N−2 (a (τ)) dτ2 + a2 (τ) (dx2 + dy2 + dz2) .
(33)
Then we will study the case of conformal transformations
of the form dτ = N (φ) dt.
4.1. Noether Symmetries for the conformal
Lagrangian
The Lagrangian of the field equations for the conformal
FRW spacetime (33) is given by
L (a, φ, a′, φ′) = a
3V (φ)
N (a)
+N (a)
[
6a (1 + φ) a′2 + 6a2a′φ′ +
3
2φ
a3φ′2
]
,(34)
where the prime denotes d/dτ (it should not be confused
with the conformal time that requires a special choice of
the lapse function N(a)). The conformal kinetic metric
and the related Ricci scalar are given by
ds¯2(2) = N (a)
(
12a (1 + φ) da2 + 12a2dadφ+
3
φ
a3dφ2
)
,
(35)
and
R(2) = −
a2NN,aa − a2N2,a −N2
12a3N3
,
respectively. Since the kinetic metric (35) is two-
dimensional, the space is an Einstein space. If the Ricci
scalar is constant, the Einstein space has a constant cur-
vature. In order to reduce the problem to the dynamics
of Newtonian physics [44], we consider R(2) = 0, so that
N (a) = a−1eN0a. (36)
Therefore, by applying the geometric approach in [42],
one gets that the Lagrangian (34), with the solution (36),
admits extra Noether symmetries. The first one is of the
form
X1 = −1
2
∂a +
φ+ V1
√
φ
a
∂φ, (37)
with the corresponding conservation law
IX1 = 6
(
V1
√
φ− 1
)
a˙+ 3
a√
φ
V1φ˙, (38)
for the potential
V (φ) = V0
(√
φ+ V1
)4
. (39)
The second symmetry vector and corresponding con-
servation law are given by
X2 = 2τ∂τ+a
(√
φV1 + 1
)
∂a−2V1
√
φ (φ+ 1) ∂φ, (40)
and
IX2 = 12a (1 + φ) a˙+ 6a
2
(
1− V1√
φ
)
φ˙, (41)
respectively, with the potential given by
V (φ) = V0 (1 + φ)
2
exp
(
6
V1
arctan
√
φ
)
. (42)
We have chosen N0 = 0 for both cases. In the case of
N0 6= 0, one finds that the Lagrangian (34) admits ex-
tra Noether symmetries only in the case of the trivial
potential V (φ) = 0.
Let us stress that the Noether Integrals (for both
cases), the Hamiltonian EH and IX are independent ge-
ometrical objects. The relation {EH , IX} = 0 holds,
therefore the dynamical systems are Liouville integrable.
Furthermore, the Clairaut Eq. (5) for the potential
(39) is given by
Ef ′(E)− f(E) = V0
(√
f ′ (E) + V1
)4
. (43)
Thus, Eq. (11) becomes
2V0√
f ′ (E)
(√
f ′ (E) + V1
)3
+ E = 0, (44)
and hence, by setting y =
√
f ′ (E), one has the polyno-
mial equations
(y + V1)
3 − E
2V0
y = 0. (45)
A real solution of Eq. (45) is
∫
df =
∫ (
EF (E) +
1
6V0F (E)
− V1
)2
dE, (46)
where
F 3 (E) = 6EV 20
(√
81V 21 −
6E
V0
− 9V1
)
. (47)
7Let us simplify the equation. For instance, considering
V1 = 0, the singular solution of the Clairaut equation
yields
f (E) =
E2
4V0
. (48)
It should be noticed that if one substitutes the solution
(48) into the hybrid master equation (3) one finds that
the variable X = 0, that is, the solution is the GR case.
Similarly, we can proceed for the potential given by
(42)
Ef ′(E)− f(E) = V0 [1 + f ′ (E)]2 ×
× exp
(
6
V1
arctan
√
f ′ (E)
)
, (49)
so that the singular solution follows from the equation
[1 + f ′ (E)]
(
2 +
3
V1
√
f ′ (E)
)
×
× exp
(
6
V1
arctan
√
f ′ (E)
)
+ E = 0 . (50)
4.2. Hybrid Gravity as a Brans-Dicke-like scalar
field
Let us apply now the conformal transformation g¯ij =
N (φ)
−2
gij in the FRW spacetime (12). Under this trans-
formation, the action of Hybrid Gravity (8) becomes
S =
1
2κ2
∫
d4x
√−g¯[(1+φ)R¯+ 3
2φ
g¯ijφ,iφ,j−V (φ)], (51)
where the conformal Ricci scalar is given by
R¯ = N−2R− 6N−3gijN;ij .
Substituting it into the action (51) one finds
S =
1
2κ2
∫
d4x
√−g[(1 + φ)N2R− 6(1 + φ)NgijN;ij
+
3
2φ
N2gijφ,iφ,j −N4V (φ)]. (52)
If we take into account the following lapse function
N (φ) =
√
F (φ)
1 + φ
, (53)
we have
N;i =
1
2
√
1 + φ
F (φ)
(
F,φ
1 + φ
− F
(1 + φ)
2
)
φ;i. (54)
Substituting the results into the various terms of Eq.
(52), we get the following relations∫
d4x
√−g [(1 + φ)N2R] = ∫ d4x [F (φ)R] , (55)
∫
d4x
√−g 3
2φ
N2gijφ,iφ,j =∫
d4x
√−g 3F (φ)
2 (1 + φ)φ
gijφ,iφ,j , (56)
and a lengthy, but straightforward calculation leads to∫
d4x
√−g6(1 + φ)NgijN;ij =
−
∫
d4x
√−g
[
3
2
F (φ)− (1 + φ)2 F 2,φ
(1 + φ)F (φ)
gijφ;iφ;j
]
. (57)
Thus, using the above relations, the action (52) takes
the form
S =
∫
d4x
√−g
[
F (φ)R+
3
2
(
F (φ)− (1 + φ)2 F 2,φ
(1 + φ)F (φ)
+
3F (φ)
2 (1 + φ)φ
)
gijφ,iφ,j − F
2 (φ)
(1 + φ)2
V (φ)
]
.(58)
Moreover, considering the new scalar field Φ (i.e. a
coordinate transformation) as follows
dΦ =
√√√√3
[
F (φ)− (1 + φ)2 F 2,φ
(1 + φ)F (φ)
+
3F (φ)
2 (1 + φ)φ
]
dφ,
the action becomes
S =
∫
d4x
√−g
[
F (Φ)R+
1
2
gijΦ,iΦ,j − V¯ (Φ)
]
, (59)
where
V¯ (Φ) =
F 2 (Φ)
(1 + Φ)
2V (Φ). (60)
The Noether symmetry classification for the Lagrangian
in the action (59) has been completely achieved in [44]
and previously in [17]. When F (Φ) = F0Φ
2 we have
a Brans-Dicke-like scalar field with a potential. How-
ever, for F0 = −1/12 the Brans-Dicke scalar field gives
ω0 = −3/2 and the Lagrangian of the field equations is
singular [18]. In that case the theory is equivalent to the
Palatini f (R) [8]. Furthermore, when F (φ) = F0, i.e.,
N (φ) =
√
F0/(1 + φ), the action (59) describes a mini-
mally coupled scalar field and the results in [46] can be
applied.
One can apply a conformal transformation of the form
g¯µν = N−2 (a, φ) gµν in order to obtain exact solutions.
It is worth noticing that the WDW equation, coming
from the Hamiltonian of the theory, is conformally in-
variant and this means that the solutions that we find
remain invariant under conformal transformations. The
same feature holds for classical solutions. However, it
is not always possible to write exact solutions in a close
form in any conformal frame.
85. EXACT AND INVARIANT SOLUTIONS
In this section, we determine the exact solution of the
field equations and for the models with potentials (39)
and (42).
5.1. The case of the potential V (φ) = V0
(√
φ+ V1
)4
5.1.1. Lagrangian, Hamiltonian, and field equations
Let us apply the coordinate transformation
a = Cv + u, φ =
(
v
Cv + u
− V1
)2
, (61)
where C = V1/(1 + V
2
1 ). In the new coordinates, the
Lagrangian (34) becomes
L (u, v, u′, v′) = 6 (V 21 + 1)u′2 + 6(V 21 + 1)v′2 + V0v4.
(62)
Performing a second coordinate transformation
x =
√
12 (V 21 + 1)u, (63)
y =
√
12
(V 21 + 1)
v, (64)
the Lagrangian (62) is
L (x, y, x′, y′) = 1
2
x′2 +
1
2
y′2 + V¯0y
4, (65)
where V¯0 =
V0
144
(
V 21 + 1
)2
. The Hamiltonian of the field
equations is given by
H˜ =
1
2
p′2x +
1
2
p′2y − V¯0y4, (66)
where px, py are the momenta. The field equations are
the Hamilton equations
x′ = px, y
′ = py (67)
p′x = 0, p
′
y = 4V¯0y
3, (68)
and the Hamiltonian constraint is H˜ = 0. Furthermore,
the Hamilton-Jacobi equation for the Hamiltonian (66)
provides the following action
S = c1x+
∫ √
2V¯0y4 − c21 + S0, (69)
then the field equations reduces to
x′ = c1, y
′ = ε
√
2V¯0y4 − c21. (70)
Thus, the exact solutions are given by
x (τ) = x1τ + x2 (71)
and ∫
dy√
2V¯0y4 − c21
= ε (τ − τ0) , (72)
respectively, where ε = ±1. In the simplest case where
V1 = 0, we have the solution a (τ) = a0τ , but from the
condition dt = a (τ) dτ , we find τ =
√
t, that is a (t) =
a0
√
t which is the radiation solution.
In the case where c1 = 0 and V1 6= 0 from Eqs. (71)
and (72), we have that
y (τ) = −ε 1√
2V0
1
(τ − τ0) . (73)
Hence the scale factor assumes the following form
a (τ) = a0 (τ − τ0) + a1 − a2 1
τ − τ0 . (74)
From this result, we have
τ − τ0 = 1
2a0
(
a− a1 + ε
√
a2 − 2aa1 + a21 + 4a0a2
)
,
(75)
and for the Hubble function1 H (τ) = a′/a2, we have
H (a) = a0a
−2 + 4a20a2
(
a3 − a1a2
+εa2
√
(a− a1)2 + 4a0a2
)−2
. (76)
Therefore, in order to have a real solution, the condition
(a− a1)2 + 4a0a2 ≥ 0, a ∈ R, (77)
must hold. This means that a0a2 ≥ 0. Hence if a2 = 0,
i.e., V1 = 0, we have again the radiation solution.
However, in the case where a0 = 0, from Eq. (74),
we have that (τ − τ0) = a2/(a1 − a) and for the Hubble
function
H (a) = a−12
(
a1a
−1 − 1)2 . (78)
Assuming at the present time (a = 1), we have that
H2 (a = 1) = H0 hence, from Eq. (78), we deduce
a−12 = H0/ (|a1|+ 1)2. Finally, the Hubble function can
be written in the following form
H2 (a)
H20
= Ωra
−4+Ωma
−3+Ωka
−2+Ωfa
−1+ΩΛ, (79)
1 Recall that H = 1
a
da
dt
= 1
a2
da
dτ
9where
Ωf =
|4a1|
(|a1|+ 1)4
, ΩΛ =
1
(|a1|+ 1)4
, (80)
Ωr =
|a1|4
(|a1|+ 1)4
, Ωm =
|4a1|3
(|a1|+ 1)4
, (81)
Ωk =
|6a1|2
(|a1|+ 1)4
, (82)
where the meaning of the symbols is straightforward.
That means that each power term of
√
φ of the power
law potential (39), V (φ) = V0
(√
φ+ V1
)4
, introduces
into the Hubble function a power term of the scale factor.
The corresponding fluids are: radiation, dust, curvature-
like fluid, a dark energy fluid with equation of state
pf = − 23ρf and a cosmological constant. We would like
to note that the curvature-like fluid follows from the hy-
brid gravity and not from the geometry of the spacetime,
since we have considered a spatially flat FRW spacetime.
Moreover, for large redshifts z the Hubble function (79)
behaves like the radiation solution.
Furthermore, from the conformal transformation dt =
a (τ) dτ , we have that
τ − τ0 = exp
[
a1a
−1
2 τ0 − a−12 t−W (w (t))
]
= (X (t))
−1
(83)
where w (t) = −a1a−12 exp
[
a−12 (a1τ0 − t)
]
and W (t) is
the Lambert W -function [51] by which we can write the
exact solution for the scale factor a (t). By replacing Eq.
(83) in Eq. (74), we find that the scale factor is expressed
in terms of the proper time t as follows
a2 (t) = [a2X (t)− a1]2 . (84)
However, from the singularity constraint a (t→ 0) = 0,
we find the constraint τ0 = a
−1
1 a2
[
ln
(
a−11 a2
)− 1].
In Figure 1 we compare the behavior of the scale factor
(84) with that of the standard ΛCDM-cosmology and
the radiation solution. It can be observed that, in the
early universe, the behavior of the scale factor (84) of
the Hybrid Gravity is similar to the radiation solution.
5.1.2. The WDW equation
From the Hamiltonian (66), we can define the WDW
equation (recall that the dimension of the minisuperspace
is two and the minisuperspace is flat), which is given by
Ψ,xx +Ψ,yy − 2V0y4Ψ = 0 , (85)
where Ψ is the Wave Function of the Universe [52]. Fol-
lowing the results in [48], one finds that Eq. (85) admits
Lie point symmetries for the vector fields
XΨ = c1∂x + (c2Ψ+ b (x, y)) ∂Ψ, (86)
Xb = b (x, y) ∂Ψ, (87)
0 t0
0
1
t
a
(t)
Comparison of the Scale factors
 
 
Hybrid Gravity
Λ Cosmology
Radiation Solution
FIG. 1: Comparison of the scale factor (84) with that of
ΛCDM-cosmology aΛ (t). and the radiation solution ar (t) =
a0r
√
t where t0 is the present time, aΛ (t0) = 1. For the solu-
tion (84) of the Hybrid Gravity, we set |a1| > 1.
where b (x, y) is a function that satisfies the WDW Eq.
(85). Therefore we can apply the zero order invariants to
reduce Eq. (85).
From the Lie point symmetry XΨ, the invariant func-
tions are {y, Y eµx}, with µ ∈ C [50], hence Eq. (85)
reduces to the following second order ODE
Y,yy +
(
µ2 − 2V¯0y4
)
Y = 0. (88)
This equation is the one-dimensional time-dependent os-
cillator and admits eight Lie point symmetries [53] which
are all Type II hidden symmetries [54, 55]. Therefore we
have that
Y (y) = y1e
w(y) + y2e
−w(y),
where
w (y) =
√
2
2
∫ √(
2V¯0y4 − µ2
)
dy. (89)
Hence, the invariant solution of the WDW equation (85)
is finally given by
Ψ (x, y) =
∑
µ
[
y1e
µx+w(y) + y2e
µx−w(y)
]
. (90)
5.2. The case of the potential
V (φ) = V0 (1 + φ)
2 exp
(
6
V1
arctan
√
φ
)
5.2.1. Lagrangian, Hamiltonian, and field equations
As before, for the considered potential, we apply the
coordinate transformations
a =
1√
12
eu√
tan2 (v − V1u) + 1
, (91)
φ = tan2 (v − V1u) , (92)
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then the Lagrangian (34) becomes
L (r, θ, r′, θ′) = 1
2
e2u
[(
1 + V 21
)
u′2 − 2V1u′v′ + v′2
]
+V¯0e
−2ue
6
V1
v, (93)
where V¯0 = V0/144. The Hamiltonian of the system is
H˜ =
1
2
e−2u
[
p2u + 2V1pupv +
(
1 + V 21
)
p2v
]− V¯0e−2ue 6V1 v.
(94)
The Hamilton equations are
u′ = e−2u (pu + V1pv) , (95)
v′ = e−2u
(
V1pu +
(
1 + V 21
)
pv
)
, (96)
p′v =
6V¯0
V1
e−2ue
6
V1
v, (97)
p′u = e
−2u
(
p2u + 2V1pupv +
(
1 + V 21
)
p2v
)− 2V¯0e−2ue 6V1 v,
(98)
respectively, and the Hamiltonian constraint provides
H˜ = 0. Furthermore, from the Hamilton-Jacobi equa-
tion for Eq. (94), we have the action
S (u, v) =
c1
1 + V 21
u− c1 V1
1 + V 21
v
+
V1
3 (1 + V 21 )
(
S1 (v)− c1 arctan S1 (v)
c1
)
, (99)
where
S1 (v) = 2
(
1 + V 21
)
V0e
6
V1
v − c21. (100)
Finally, the reduced dynamical system has the form
e2uu′ = c1
1− V 21
1 + V 21
+
V1
1 + V 21
S1 (v) , (101)
e2uv′ = S1 (v)− c1 V
3
1
1 + V 21
, (102)
which is a system of two nonlinear first order differen-
tial equations. However in order to simplify the reduced
system of Eqs. (101) and (102) and to write the exact
solution of the field equations, we apply a second confor-
mal transformation ds = e2udτ, so that the dynamical
system becomes
du
ds
= C1 + C2 + C3e
6
V1
v
,
dv
ds
= C4e
6
V1
v
+ C5,
where the constants are C1..5 = C1..5
(
V0, V1, c
2
1
)
. The
solution of the system can be written as follows
u (s) = −V1C3
6C4
ln
{
C4
[
exp
(
6C5
V1
(s+ I0)− u1
)
− 1
]}
+(C1 + C2) s+ u2, (103)
v (s) = −V1
6
ln
{
1
C5
[
1− exp
(
6C5
V1
(s+ I0)− u1
)]}
+C5 (s+ u1) . (104)
We note that the second conformal transformation τ → s
is of the form ds = N¯ (a, φ) dτ .
5.2.2. The WDW equation
Also in this case, from the Hamiltonian (94), we can
define the WDW equation
Ψ,uu+2V1Ψ,uv+
(
1 + V 21
)
Ψ,vv− 4V¯0e
6
V1
vΨ = 0 . (105)
Following [48], we find that Eq. (105) admits, as Lie
point symmetries, the following vector fields
X1 = ∂u, XΨ = Ψ∂Ψ, Xb = b (u, v) ∂Ψ,
X2 = e
− 3v
V1 [cos (VCu) cos (3v) + sin (VCu) sin (3v)] ∂u
+e−
3v
V1
[
(V1 cos (3v)− sin (3v)) cos (VCu)
+ (cos (3v) + V1 sin (3v)) sin (VCu)
]
∂v, (106)
X3 = e
− 3v
V1 [cos (VCu) sin (3v) + sin (VCu) cos (3v)] ∂u
+e−
3v
V1
[
(cos (3v) + V1 sin (3v)) cos (VCu)
+ (sin (3v)− V1 cos (3v)) sin (VC)
]
∂v, (107)
where VC = 3
(
1 + V 21
)
/V1. We note that only the sym-
metry vector X1 = ∂u is the generator of the Noether
symmetry for the Lagrangian (93).
We apply the invariant symmetry vector X = X1 +
µΨ∂Ψ, where the invariants are {v, Y eµu}. Therefore Eq.
(105) becomes(
1 + V 21
)
Y,vv+2µV1Y,v+
(
µ2 − 4V¯0e
6
V1
v
)
Y = 0 . (108)
This equation describes a time-dependent damped oscil-
lator and it is well know that there exists a transforma-
tion (v, Y )→ (v¯, Y¯ ) where it can be written in the form
Y¯,v¯v¯ = 0, since it admits eight Lie point symmetries.
Therefore the solution of Eq. (108) can be expressed
in terms of Bessel functions
Y (v) = exp
(−3N¯y) [c1JN¯ (Vµe 3V1 v)+ c2YN¯ (Vµe 3V1 v)] ,
where
N¯ = − V1µ
3 (1 + V 21 )
, Vµ =
2
3
V1
√
V0√
1 + V 21
i .
Finally the invariant solution of Eq. (105) is
Ψ (u, v) =
∑
µ
exp
(
µu− 3N¯v)
[
c1JN¯
(
Vµe
3
V1
v
)
+c2YN¯
(
Vµe
3
V1
v
)]
. (109)
However, we note that it is possible to apply the other
Lie symmetries, e.g., X2, X3 or any linear combination,
in order to determine the invariant solution of the WDW
Eq. (105).
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6. DISCUSSION AND CONCLUSIONS
In this work we considered the application of point
symmetries in the Hybrid Gravity in order to select the
f (R) function and to find analytical solutions of the field
equations and of the WDW equation for Quantum Cos-
mology. We showed that, in order to find non-linear, inte-
grable f (R) models, we have to apply conformal trans-
formations in the Lagrangian. Conformal transforma-
tions of the forms dτ = N (a) dt and dτ = N (φ) dt allow
to achieve the results. In the second case the Lagrangian
of the field equations reduced to that of a Brans-Dicke-
like theory with a general coupling function; then the
results from [44] for scalar-tensor models can be applied.
For the first conformal transformation we find two cases
of the f (R) function where the field equations admit
Noether symmetries. For each case, we transform the
field equation by means of normal coordinates to sim-
plify the dynamical system and write exact solutions.
Furthermore, we have written the WDW equation for
the 2-dimensional minisuperspace. The Lie point sym-
metries for the WDW equations can be determined and
applied in order to find invariant solutions of the WDW
equations.
However, it is possible to apply another more general
conformal transformation of the form dτ = N (a, φ) dt.
If we do not consider matter, the field equations are al-
ways conformally invariant [43]. Furthermore, the WDW
equation is also conformally invariant, hence the solu-
tions that we obtained hold for any frame [41, 48].
It is interesting to stress that, in the case of the
power law potential V (φ) = V0
(√
φ+ V1
)4
, the Hub-
ble function H2 (z) is a fourth-order polynomial with
non-vanishing coefficients. More specifically, every power
law term of
√
φ in the potential produces a correspond-
ing fluid in the model. However, we recall that, in the
case where V1 = 0, the solution of the scale factor is
the radiation solution as it has to be for conformally
invariant solutions. Finally, we have to stress that the
only power law Hybrid Gravity which admits Noether
symmetries is f (R) ∝ R2. This result is different for
f (R)-metric gravity and f (R)-Palatini gravity where the
power law functions which admits Noether symmetries
are f (R) = Rn and f (R) = Rn [45, 56]. In a forthcom-
ing study, we will face the problem in a more general way
in order to achieve more general forms of Hybrid Gravity
than simple power-law functions.
As a final remark, it is worth stressing that Hybrid
Gravity seems capable, in principle, of recovering the var-
ious cosmological eras starting from inflation up to dark
energy (see also [11]). However, further refined studies
are necessary in order to achieve in a self-consistent way
the full cosmic dynamics.
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